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This talk is based on a joint work with Nakao Hayashi and Pavel Naumkin [8] . We consider the initial value problem for the nonlinear Shrödinger equation of the derivative type:
where i = √ −1, ∂ t = ∂/∂t, ∂ x = ∂/∂x and u is a complex-valued unknown function. We will occasionally write u x for ∂ x u, and u denotes the complex conjugate of u. The nonlinear term N(u, u x ) is a cubic homogeneous polynomial in (u, u, u x , u x ) with complex coefficients, and it satisfies so-called gauge invariance, that is,
The aim of this talk is to present a structural condition on the nonlinear term N under which the corresponding forward Cauchy problem (1) has a disspative nature. To explain the motivation, let us begin with the simplest case where N is independent of u x , i.e., N = λ|u| 2 u with λ ∈ C. Then it is easy to see that
which suggests dissipativity if Im λ < 0. In fact, it is proved in [17] that the solution decays like O((t log t)
Im λ < 0 and u 0 is small enough. Since the non-trivial free solution (i.e., the solution to (1) for N ≡ 0, u 0 = 0) only decays like O(t −1/2 ), this gain of additional logarithmic time decay reflects a disspative character. Now we turn our attentions to the general gauge-invariant cubic nonlinear terms involving both u and u x . Note that we can not expect the conservation law like (3) any more. However, as we shall show, similar time decay is still valid if sup ξ∈Ê Im N(1, iξ) < 0.
Before stating our result, we introduce function spaces.
, which is usual L 2 based Sobolev space of order s. The main result is as follows.
Theorem. Suppose that N satisfies
. Moreover, the following asymptotic expression is valid as t → +∞ uniformly in x ∈ R: with some positive constant C.
Remark 1.
As an immediate consequence of (5), we can see that
Moreover, we can also check that the L 2 norm of u(t) also decays like (log t) −1/2 . Therefore, by interpolation, we obtain
Remark 2. Our result can be also viewed as an extension of [9] (see also [1] , [2] , [3] , [10] , [12] , [14] , [15] , [16] , [17] , [20] , etc.) because (5) is reduced to
Remark 3. When Im N(1, iξ 0 ) > 0 for some ξ 0 ∈ R, the authors do not know any global existence or non-existence results for (1). However, in view of the denominator of the leading term of (5), it is quite reasonable to expect that small amplitude solutions can blow up in finite time if the condition (4) is violated. Concerning the lifespan T ε of the solution for (1) with u 0 (x) = εϕ(x), the following explicit lower bound is obtained in [19] :
whereφ denotes the Fourier transform of ϕ. It may be an interesting open problem to consider whether the corresponding upper estimate holds or not.
Remark 4. When we put
, the asymptotic expression (5) can be interpreted as
This tells us that asymptotic behavior of the solution for (1) is characterized by that of the solution for the simpler ordinary differential equation. At the level of the reduced equation, the dissiaptive nature is transparent via the identity
Note that analogous results have been obtained in [18] for the nonlinear KleinGordon equations and in [11] , [13] for the nonlinear wave equations.
Remark 5.
It is possible to weaken (2) to a certain extent, but impossible to remove it completely. In fact, when (2) is replaced by
we can modify the above argument combining the idea of [4] , [5] (see also Appendix of [18] ) and show that the above theorem is still valid if N (1, iξ) Note that (6) is just what excludes u 3 , u 3 , uu 2 from all possible cubic nonlinear terms, but it is not a technical assumption because for these three nonlinearities we can find a class of initial data for which the solution has another kind of asymptotic profile than (5) (see [6] and [7] for the details).
